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Parafermionic zero modes are fractional topologically protected quasiparticles expected to arise
in various platforms. We show that Coulomb charging effects define a parafermion box with unique
access options via fractional edge states and/or quantum antidots. Basic protocols for the detection,
manipulation, and control of parafermionic quantum states are formulated. With those tools, one
may directly observe the dimension of the zero-mode Hilbert space, prove the degeneracy of this
space, and perform on-demand digital operations satisfying a parafermionic algebra.
Introduction. Majorana zero modes are canonical ex-
amples for topologically protected quasiparticles with
non-Abelian braiding statistics [1–4]. In the presence of
Coulomb charging effects, intriguing features related to
their nonlocality have been pointed out [5–13] and probed
experimentally [14, 15]. The drive for reaching universal
quantum computation platforms and the quest to fully
understand topological excitations have turned attention
to exotic emergent quasiparticles such as parafermions
(PFs) with Zn>2 symmetry. For PF zero modes, a
plethora of interesting phenomena has been suggested in
various platforms [16–28]; for a review, see Ref. [29]. For
one-dimensional (1D) interacting fermions, Ref. [30] sug-
gests that Majorana states exhaust all possibilities in the
generic (disordered) case. However, Refs. [31, 32] show
that PFs can exist in models of 1D nanowires. Moreover,
for edge states of a fractionalized two-dimensional sys-
tem, such as the fractional quantum Hall (FQH) liquid,
domain walls between regions proximitized by a super-
conductor (SC) [33] and a ferromagnet (FM) host stable
PFs. Platforms for PFs include proximitized fractional
topological insulators [16], bilayer FQH systems [25], and
proximitized FQH liquids at a filling factor of ν = 2/3
[22] or ν = 1/(2k + 1) with an integer k [16, 18]. Such
setups may ultimately provide a toolbox for generating
Fibonacci anyons [22, 27], which, in turn, facilitate fault-
tolerant universal quantum computation.
In the present Rapid Communication we leap beyond
the interesting platforms alluded to above. We point out
that PF devices dominated by Coulomb charging effects
provide direct detection and manipulation tools target-
ing the fundamental physics of PFs. Specifically, we show
below how one can: (i) measure the dimension of the
Hilbert space associated with PF zero modes, (ii) ren-
der this space degenerate in a controlled manner, and
(iii) explicitly demonstrate the exotic algebra of PF op-
erators. By combining systems made of fractionalized
bulk matter with mesoscopic sensing concepts, all super-
imposed on Coulomb charging effects, the PF box (cf.
Fig. 1) facilitates full access to the beautiful physics of
PF zero modes. Recent Majorana experiments [14, 15]
also attest to the promise of such an approach. Prob-
Figure 1. Layout of the PF box. (a) Two opposite-spin
FQH edges (the thick black arrows) are gapped out in dis-
tinct ways via proximitizing FM and SC segments in different
regions. PF operators αˆj,s (the blue stars) are localized at
domain walls. (b) SC segments are electrically connected to
ensure phase coherence across different SC domains. Simi-
larly, FM segments belong to one bulk FM. The gate (golden),
separated (insulating blue layer) from the SC bridge, can be
used to change the offset charge qg while disturbing the rest
of the system only minimally. A back gate that can tune the
chemical potential of the FQH puddles is implied.
ing these core facets of PF Hilbert space is realized em-
ploying fractional edge states [for current measurements]
and quantum antidots (QADs) [for elastic cotunneling of
quasiparticles through the box]. Such major facets are
hard (if not impossible) to access otherwise, e.g., using
multiple Josephson periodicities [16–18, 20, 21, 26, 36],
zero-bias anomalies [23], split conductance peaks due to
finite-size effects [24], or quantized conductance measure-
ments [28, 36]. Apart from being interesting in its own
right, e.g., in the context of topological Kondo effects [6],
it stands to reason that the experimental implementation
of the PF box would pave the way for realizing PF-based
quantum information devices [37].
PF box model. For concreteness, we study an array
of PF zero modes implemented via two ν = 1/(2k + 1)
FQH puddles of opposite spin [16, 18, 40], cf. Fig. 1.
Our proposal is adaptable to other platforms (see the
Supplemental Matterial [43]); for ν = 1 it is reduced to a
Majorana setup [12]. The puddle edges are described by
bosonic fields φˆs=↑/↓=±1(x) with commutator [18]
[φˆs(x), φˆs(x
′)] = ispisgn(x− x′), [φˆ↑(x), φˆ↓(x′)] = ipi.
(1)
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2The resulting fractional helical edge state can be gapped
by proximity coupling to SC or FM segments, see
Fig. 1(a), with the Hamiltonian H0 = Hedge + HSC +
HFM + HC, where Hedge = (v/4pi)
∑
s
´∞
−∞ dx(∂xφˆs)
2
with edge velocity v. Furthermore,
HSC = −∆
N∑
j=1
ˆ
SCj
dx cos
(
φˆ↑(x) + φˆ↓(x)√
ν
+ ϕˆ
)
, (2)
HFM = −t
N+1∑
j=1
ˆ
FMj
dx cos
(
φˆ↑(x)− φˆ↓(x)√
ν
)
. (3)
HSC describes the SC pairing induced in the edges by
the proximitizing SCs, where ϕˆ is the SC phase operator
and ∆ is the absolute value of the induced pairing ampli-
tude. HFM describes electron hopping between the edges
accompanied by a spin flip, which is enabled by the pres-
ence of the FM. The hopping amplitude t is proportional
to the FM in-plane magnetization caused by, e.g., geo-
metrical effects. All the proximitizing SCs (FMs) are im-
plied to be parts of one common SC (FM), see Fig. 1(b).
For a floating (not grounded) SC, the charging term is
HC = (Qˆ0 − qg)2/(2CSC), with the charge Qˆ0 satisfy-
ing [ϕˆ, Qˆ0] = 2i. The offset charge qg is controlled by a
gate [Fig. 1(b)]. Finally, the charge and spin of an edge
segment are given by
QˆAB
SˆAB
}
=
ˆ B
A
dx(ρˆ↑ ± ρˆ↓), ρˆs(x) = s
√
ν
2pi
∂xφˆs. (4)
A parafermion N -box is then defined by N + 1 FM and
N SC domains excluding the outer edges. For instance,
Fig. 1 shows a two-box.
Low-energy theory. The quasiparticle excitations in
the SC and FM domains have gaps (4piv∆/ν)1/2 and
(4pivt/ν)1/2, respectively [16]. At energies below these
scales [50], the problem can be simplified using the
method of Ref. [51] since the large cosines in Eqs. (2)
and (3) imply that each FM (SC) domain is then effec-
tively described by an integer-valued operator mˆj (nˆj),
see Refs. [16, 18] and Fig. 1(a),
φˆ↑(x)∓ φˆ↓(x)
2pi
√
ν
∣∣∣∣∣
x∈FMj/SCj
=
{
mˆj ,
nˆj − ϕˆ/(2pi). (5)
The only nontrivial commutation relation is [mˆj , nˆl] =
i/(piν) for j > l, whereas [mˆj , nˆl] = 0 for j ≤ l. Using
Eq. (4), the charge Qˆj (spin Sˆj) of the edge segment
corresponding to SCj (FMj except for the first and the
last FM) is
Qˆj = ν(mˆj+1 − mˆj), Sˆj = ν(nˆj − nˆj−1). (6)
Note that FM (SC) domains cannot host charge (spin)
at low energies. The semi-infinite outer edges are merged
with each other and decouple from the PF box. Below,
we probe the system by fractional quasiparticle tunnel-
ing. At low energies, this can only happen at interfaces
between different domains. The projected low-energy
quasiparticle operators are (cf. Refs. [16, 18])
αˆj,s =
{
eipiν(nˆl+smˆl−ϕˆ/2pi), j = 2l − 1,
eipiν(nˆl+smˆl+1−ϕˆ/2pi), j = 2l,
(7)
where j is the domain-wall number and s is the spin of the
edge, see Fig. 1(a). The PF operators in Eq. (7) satisfy
a Zn parafermion algebra with index n = 2/ν [29],
αˆj,sαˆl,s = ω
sgn(l−j)
s αˆl,sαˆj,s, ωs = e
2piis/n = eipiνs. (8)
The low-energy Hilbert space of the box is now spanned
by |Qtot, Qj=1,...,N−1(mod 2)〉, where Qˆtot =
∑N
j=0 Qˆj =
Qˆ0 + ν(mˆN+1 − mˆ1) is the total charge of the proximi-
tizing SC and the FQH edges within the PF box. Note
that Qtot has fractional values differing by multiples of
ν. Since the SC can absorb electron pairs, the remaining
quantum numbers describe the distribution of fractional
quasiparticles over the SC domains of the PF box. The
box Hamiltonian is then given by
Hbox =
1
2Cbox
(
Qˆtot − qg
)2
= EC
(
Qˆtot − qg
ν
)2
, (9)
where Cbox is the effective box capacitance and all states
with the same Qtot are degenerate up to exponentially
small splittings (see the Supplemental Material [43]), ne-
glected here. Below we consider the simplest cases: one-
box and two-box. The Hilbert space of the one-box is
spanned by |Qtot〉 and does not allow for a degenerate
subspace. In contrast, for every value of Qtot, the two-
box has topological degeneracy n = 2/ν due to the dif-
ferent ways to distribute charge between SC1 and SC2.
A simple estimate puts EC in the range of 0.1–1K.
Cotunneling Hamiltonian with FQH edges. We next
consider two additional edge segments (γ = 1, 2), each
approaching (near x = xγ) a PF zero mode on the
box. Such edges serve as leads and correspond to
fields φˆγ(x) with [φˆγ(x), φˆγ(x′)] = iχpisgn(x − x′),
where χ = ±1 is the edge chirality. With applied
voltage Vγ , the edge Hamiltonian is given by Hγ =
Hedge[φˆγ ] − χ
√
ν
2pi Vγ
´
dx∂xφˆγ . Quasiparticles can then
tunnel with amplitude ηγ between the edge and the
PF αˆjγ ,s, which is modeled by the tunneling Hamilto-
nian HT =
∑
γ=1,2 ηγe
i
√
νφˆγ(xγ)αˆ†jγ ,s + H.c., see Fig. 2.
On top of that, we allow for direct quasiparticle tun-
neling between the two edges described by HrefT =
ηrefe
−i√νφˆ2(x′2)ei
√
νφˆ1(x
′
1)+H.c. Although due to the large
length of SC/FM domains, the points of tunneling to PFs
x1,2 must differ from x′1,2, in what follows we put x′γ = xγ
for simplicity, cf. after Eq. (12). Note that in all the
above processes quasiparticles tunnel through the FQH
bulk.
3Figure 2. Setups for measuring the PF box state employing
additional leads (FQH edges; the curved black arrows), tun-
nel couplings (the dashed red lines), and gates (golden) con-
trolling the distance between the leads and the parafermions
(and thus the strength of the tunnel couplings). (a) Measur-
ing Qˆtot mod 2 in a one-box. (b,c,d) Setups for measuring
various observables in a two-box: (b) (Qˆtot − Sˆ2) mod 2; (c)
Qˆ1 mod 2; (d) (Sˆ2 − Qˆ1) mod 2 and Sˆ2 mod 2 for the upper
and lower pairs of leads, respectively.
We now assume that the box charging energy in Eq. (9)
is the largest energy scale. Away from Coulomb reso-
nances qg 6= ν(Z + 1/2), transport between two leads is
then dominated by cotunneling. Performing a Schrief-
fer–Wolff transformation and projecting to the state of
Qtot that minimizes the charging energy, Hbox + HT →
Hcot, we obtain to the leading order,
Hcot = ηcotαˆj2,sαˆ
†
j1,s
e−i
√
νφˆ2(x2)ei
√
νφˆ1(x1) + H.c., (10)
where ηcot = −η1η∗2
(
U−1+ + U
−1
−
)
with U± ∼ EC be-
ing the charging energy penalty for adding/removing
one fractional quasiparticle to/from the box. The total
Hamiltonian for transfer of quasiparticles between the
leads is then given by
HT12 = H
ref
T +Hcot = ηˆT12e
−i√νφˆ2(x2)ei
√
νφˆ1(x1) + H.c.,
ηˆT12 = ηref + ηcotαˆj2,sαˆ
†
j1,s
. (11)
Since the operator αˆj2,sαˆ
†
j1,s
in Eq. (11) acts only in the
discrete box subspace, the effective cotunneling Hamil-
tonian HT12 corresponds to quasiparticle tunneling be-
tween the leads with effective amplitude ηˆT12. Noting
that (αˆj2,sαˆ
†
j1,s
)n = −1 with n = 2/ν, one sees that the
properties specific to PFs are encoded by the cotunnel-
ing phase. Indeed, the eigenvalues of αˆj2,sαˆ
†
j1,s
follow as
eipiν(r+1/2) (integer r), and the cotunneling phase there-
fore depends on the PF box state with possible phase
values differing by multiples of piν.
Figure 3. Sketch of the tunneling current IT12 vs gate param-
eter qg for the one-box configuration in Fig. 2(a) with ν = 1/3.
The current in a Coulomb valley depends on Qtot mod 2 and
thus on qg. When gradually increasing qg → qg+2, one passes
through n = 2/ν peaks with much stronger (yet finite) cur-
rent. At the end of this sequence, the same current IT12 is
repeated.
Cotunneling current. Next we observe that HT12 is rel-
evant under the renormalization group (RG) with scal-
ing dimension equal to ν < 1 [52]. The RG flow to-
wards the strong quasiparticle tunneling regime eventu-
ally implies a two-terminal conductance νe2/h [28]. How-
ever, for a finite voltage V12 = V1 − V2 with |V12| 
VB ∝ |ηT12|1/(1−ν), the RG flow is effectively cut off.
For a given V12, this inequality is always realized for suf-
ficiently small tunnel couplings. The tunneling current
IT12 = I2 − νe2V2/h between the two leads then follows
from perturbation theory in HT12 [54],
IˆT12 =
|ηˆT12|2
v2ν
2piν
Γ(2ν)
(ν|V12|)2ν−1sgn(V12), (12)
Γ(x) being the Euler gamma function. For a box initially
in a superposition of different αˆj2,sαˆ
†
j1,s
eigenstates, such
a current measurement implies a projection to the ob-
served eigenstate, cf. Refs. [9, 12]. By measuring IˆT12 and
hence |ηˆT12|, one can therefore characterize the quantum
state of a PF box. In this calculation we assumed low
temperatures (T  |V12|) and long edges (v/L |V12|).
Furthermore, we have put the points of direct tunneling
between the two edges (x′1,2) to coincide with the points
for tunneling to parafermions (x1,2), cf. Fig. 2(a). Real-
istically, they will not coincide, resulting in a suppression
of the interference term ∼ ηcotη∗ref αˆj2,sαˆ†j1,s + H.c. which
enables one to measure the eigenvalue of αˆj2,sαˆ
†
j1,s
. This
suppression reduces (but does not destroy) the interfer-
ence visibility.
Number of eigenvalues. Consider the configuration in
Fig. 2(a), which gives access to the operator αˆ2,↓αˆ
†
1,↓ =
e−ipi(Qˆtot+ν/2), cf. Eqs. (7) and (11), via two leads con-
nected to a one-box. We now tune the box to a Coulomb-
blockade valley. By varying the gate voltage across a peak
qg → qg + ν, we also enforce Qtot → Qtot + ν since the
box will adhere to the ground state of Hbox. As a conse-
quence, we effectively obtain ηcot → ηcote−ipiν in Eq. (11)
4and thus a different tunneling current IT12. After switch-
ing through n = 2/ν subsequent Coulomb valleys, we
have qg → qg +2 and return to the original value of IT12.
This characteristic dependence of IT12 on qg is sketched
in Fig. 3. Such an experiment can already determine the
number n of possible eigenvalues of αˆ2,↓αˆ
†
1,↓, which is a
nontrivial check of the PF operator properties.
Degenerate PF space. Next we show how to engi-
neer an n-fold degenerate PF space. To accomplish this
task, we consider a two-box as shown in Figs. 2(b)–2(d).
The two-box has two degrees of freedom, namely, Qtot,
which behaves the same way as for the one-box, and
Q1 (mod 2), which labels the n-fold degenerate subspace
for any given Qtot. The two-box contains four domain
walls, allowing for various options to access PF opera-
tor combinations. For instance, by connecting leads to
the first and the last domain walls, cf. Fig. 2(b), a cur-
rent measurement determines the phase of αˆ4,sαˆ
†
1,s =
eipi(sQˆtot+sν/2+Sˆ2). Repeating the above one-box proto-
col then implies a qg-dependent behavior as in Fig. 3.
Next, we note that the subspace of fixed Qtot is spanned
by the |Q1 mod 2〉 states. These states correspond to
the eigenvalues eispi(Q1+ν/2) of αˆ2,sαˆ
†
1,s, which in turn
follow from current measurements as shown in Fig. 2(c);
αˆ3,sαˆ
†
2,s = e
ipi(Sˆ2+sν/2) and αˆ3,sαˆ
†
1,s = e
ipi(sQˆ1+Sˆ2+sν/2)
implying that this degenerate subspace is also spanned
by the eigenbasis of Sˆ2 or of Sˆ2±Qˆ1. Both operators can
be accessed as illustrated in Fig. 2(d). Now let us take
any eigenstate |Q1 mod 2〉 of αˆ2,sαˆ†1,s. Decomposing it
into the eigenstates of αˆ3,sαˆ
†
2,s, we obtain
|Q1 mod 2〉 = 1√
n
n−1∑
r=0
eipiλr |(S2 mod 2) = νr〉, (13)
where λr = r(Q1 mod 2). Similar statements hold for
any pair of the above observables. This structure allows
one to confirm the degeneracy of the subspace.
Indeed, let us select an arbitrary pair of noncom-
muting bilinear PF operators, e.g., Oˆ1 = αˆ2,↑αˆ
†
1,↑ and
Oˆ2 = αˆ3,↓αˆ
†
2,↓. A measurement of Oˆ1 now projects the
box state onto one of its n eigenstates. Then one mea-
sures Oˆ2, which should project the system with equal
probabilities, see Eq. (13), onto any eigenstate of Oˆ2.
Similarly, a subsequent measurement of Oˆ1 projects this
state with equal probabilities onto one of the eigenstates
of Oˆ1. Repeating this procedure many times, one can ver-
ify that Oˆ1 (or Oˆ2) has precisely n possible eigenvalues.
To explicitly check the degeneracy one may now proceed
as follows. One first performs repetitive measurements
of Oˆ1 with arbitrary time intervals between consecutive
current measurements. If we always find the same eigen-
value, we know that
[
Oˆ1, Hbox
]
= 0. Now repeat this
procedure for the operator Oˆ2, which does not commute
with Oˆ1. If we also find
[
Oˆ2, Hbox
]
= 0, all eigenstates
Figure 4. Setups allowing for two-box manipulation with
QADs (the white circles). (a) The operator αˆ2,↑αˆ
†
1,↑ can be
applied to an arbitrary PF box state by pumping a quasipar-
ticle between the QAD pair. In the same setup, Sˆ2 mod 2
can be measured from the tunneling current between the
shown leads. (b) A setup allowing for application of oper-
ations αˆ2,↑αˆ
†
1,↑ and αˆ3,↑αˆ
†
2,↑, which is sufficient to generate
any digital operation that can be applied through QADs, and
measuring Sˆ2 mod 2. Gates used to create QADs are kept
implicit.
of both Oˆ1 and Oˆ2 have trivial time evolution, which
proves the degeneracy of the PF space. We emphasize
that checking the degeneracy and the size of the PF sub-
space is an important and nontrivial validation of the
system properties.
PF state manipulation. Finally we discuss how to per-
form on-demand transitions in the n-fold degenerate sub-
space of a two-box with QADs surrounded by the FQH
liquid [55–59] as access units, see Fig. 4. At low-energy
scales, a QAD in the Coulomb-blockade regime is equiv-
alent to a two-level system,
HQAD = νVQAD
(
ψˆ†QADψˆQAD −
1
2
)
=
VQAD
n
(
1 0
0 −1
)
,
(14)
where VQAD is an electrostatic gate potential and ψˆQAD
is the quasiparticle annihilation operator on the QAD.
Consider now two QADs coupled to the two-box as in
Fig. 4(a). Similar to Eq. (11), elastic cotunneling between
two QADs via the PF box is described by Hcot,QAD =
ηcotψˆ
†
QAD2ψˆQAD1αˆj2,sαˆ
†
j1,s
+ H.c., where the amplitude
ηcot now does not renormalize anymore. By adiabatically
pumping a quasiparticle from QAD1 to QAD2 through
suitable changes in the gate voltages VQAD1/2, an ar-
bitrary PF box state |Φ〉 must then transform accord-
ing to |Φ〉 → αˆj2,sαˆ†j1,s|Φ〉. QADs thus facilitate dig-
ital operations αˆj,sαˆ
†
l,s within the degenerate PF sub-
space. Furthermore, employing protocols for both mea-
surement with leads and manipulation with QADs, one
can provide direct manifestations of the PF algebra (8);
e.g., by measuring αˆ3,↓αˆ
†
2,↓ = e
ipi(Sˆ2−ν/2) and applying
αˆ2,↑αˆ
†
1,↑ = e
ipi(Qˆ1+ν/2) which shifts Sˆ2 → Sˆ2−ν (mod 2),
cf. Fig. 4(a). We emphasize that all nontrivial digital
operations are generated by two operators, e.g., αˆ2,↑αˆ
†
1,↑
and αˆ3,↑αˆ
†
2,↑. These can be implemented with three
QADs [Fig. 4(b)].
5Conclusions. The parafermion box introduced in this
Rapid Communication can simplify and facilitate exper-
imental studies of PF-based quantum states. Our pro-
posed measurement protocols, which employ fractional
edge states as leads and/or quantum antidots for state
manipulation, crucially rely on the unique and intrinsi-
cally nonlocal ways to access the box in the Coulomb-
blockade regime. One can thereby largely avoid several
difficulties that may affect earlier proposals for observ-
ing PF physics. In particular, we have shown how to
observe the dimension of the zero-mode space, how to
realize and demonstrate the existence of a degenerate
space, and how to perform digital operations in this de-
generate state manifold. The results of our protocols are
distinctly different from Coulomb-blockade signatures of
anyonic tunneling and should enable the experimental
confirmation of the parafermion algebra in Eq. (8).
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In this Supplemental Material we discuss some tech-
nical aspects of our model and the applicability of our
results to the ν = 2/3 platform for parafermions. We
discuss the issue of whether tuning momenta is neces-
sary to open a gap in both FM and SC domains in Sec. I.
Sec. II discusses how our model for the parafermion box
changes when there are order parameter phase differences
between the SC domains, and how these phase differences
can be usefully utilized. Sec. III provides technical details
regarding the derivation of the box charging energy. In
Sec. IV, we elaborate on how the two-lead measurement
scheme implements a projective measurement. In Sec. V,
the relation between the eigenbases of different observ-
ables acting in the 2-box degenerate subspace is derived.
Sec. VI elaborates on the protocol for manipulating an
N -box degenerate subspace via QADs. Finally, Sec. VII
discusses the applicability of our results to parafermions
generated on the boundaries of ν = 2/3 puddles.
I. WHY NO MOMENTA TUNING IS
NECESSARY IN FM/SC DOMAINS
The issue of whether a gap can be opened simultane-
ously at FM and SC domains arises due to the following
naive argument. The tunneling, which is uniform along
the edge, conserves momentum and therefore opening a
gap in the FM domain requires the two edges to have
the same Fermi momenta. Similarly, a conventional SC
proximitizing the system induces pairing at opposite mo-
menta, and opening a gap in the SC domains requires the
Fermi momenta of the edges to be opposite. Therefore,
according to the argument, the gap cannot be opened
simultaneously in FM and SC domains unless the Fermi
momenta of both edges are at zero. The resolution comes
from the fact that the system is subject to a magnetic
field. For a particle in magnetic field there is a differ-
ence between the canonical momentum pˆ and the phys-
ical (kinetic) momentum pˆi = pˆ + A [1]. Due to trans-
lation invariance, the tunneling conserves the canonical
momentum, while the SC pairing happens at opposite
physical momenta (since the energies of the paired elec-
trons E = pˆi2/2m in the proximitizing SC should be the
same).
Qualitatively, one can argue that both conditions can
be satisfied simultaneously by the following considera-
tion. Consider a free electron in a plane subjected to
a perpendicular magnetic field, using the Landau gauge
A = (By, 0). In an eigenstate of the Hamiltonian, the
particle’s canonical momentum is related to its aver-
age position as px = −By = −Ax(y). Therefore, two
close-by FQH edges have the same canonical Fermi mo-
mentum. The physical momentum can be defined as
pix = m∂E/∂px = ±mv, where we used the energy at
the edge E = ±v(px − pF ), the sign ± denotes opposite
propagation directions of the two edges, and v is the edge
velocity. Therefore the condition for opposite physical
momenta at the edges is satisfied automatically. Below
we provide a more technical analysis of the issue which
highlights a few subtleties.
For simplicity, we concentrate on the case of ν = 1 and
discuss the issue in the fermionic language. This has the
advantage that one can describe the two integer quantum
Hall (IQH) edges by solving the problem of a particle in
the magnetic field with a potential barrier which sepa-
rates the plane along the line y = y0. Consider a narrow
high barrier that separates the two IQH puddles. Then
electrons in each edge are described by the field operator
ψˆs(x) =
∫ Λ
−Λ
dk√
2pi
aˆkse
ikx, (S1){
aˆks, aˆ
†
k′s′
}
= δkk′δss′ , (S2)
where s =↑ / ↓= ±1 and Λ is a cutoff. The edge Hamil-
tonian is given by
Hedge =
∫ Λ
−Λ
dk
∑
s
εs(k)aˆ
†
ksaˆks, (S3)
εs(k) = sv(k − kFs ), (S4)
where kFs is the Fermi momentum. In order for this low-
energy description to be valid and kFs ∈ (−Λ,Λ), the
barrier separating the two edges should be much thinner
than the magnetic length lB = B
−1/2.
Electron tunneling in a FM domain can be described
by
HFM = t˜
∫ +∞
−∞
dxψˆ†↑(x)ψˆ↓(x) + h.c.
= t˜
∫
dkaˆ†k↑aˆk↓ + h.c. (S5)
Diagonalising H = Hedge + HFM one finds the following
2dispersion relation
ε±(k) = v
kF↓ − kF↑
2
±
√√√√|t˜|2 + v2(k − kF↓ + kF↑
2
)2
. (S6)
Comparing this to the Fermi level (which is located at
zero energy), one finds that the excitation gap is equal to
min
(
|t˜| − v2 |kF↓ − kF↑ |, 0
)
. As can be seen from Eq. (S4),
tuning chemical potential is equivalent to shifting kF↑ and
kF↓ in opposite directions. Therefore, by tuning the edges’
chemical potential one can maximize the excitation gap
at |t˜|.
Consideration of a SC domain is somewhat more in-
volved. The pairing is described by
HSC =
∫ +∞
−∞
dx∆˜(x)ψˆ†↑(x)ψˆ
†
↓(x) + h.c., (S7)
∆˜(x) =
〈
ψˆ↑,SC(x, y↑)ψˆ↓,SC(x, y↓)
〉
, (S8)
where ψˆs,SC are electron operators in the proximitizing
SC and ys denote the location of the IQH edges and are
related to kFs . In the absence of the magnetic field,
∆˜(x) =
∫
d3k 〈aˆk,↑,SCaˆ−k,↓,SC〉 e2iky(y↑−y↓)
= ∆˜0f(y↑ − y↓) ≈ ∆˜0, (S9)
where f(y) is of order 1 when |y| is smaller that the
SC coherence length ξ. If one puts the same SC into
a location where the vector potential is uniform and has
the value A0 = (A0x, 0), all the canonical momenta get
shifted by A0 resulting in
∆˜(x) =
∫
d3k 〈aˆk−A0,↑,SCaˆ−k−A0,↓,SC〉
× e2iky(y↑−y↓)−2iA0xx = ∆˜0e−2iA0xx. (S10)
In the presence of the magnetic field, i.e., when the vector
potential A varies in space, the behavior of the SC order
parameter ∆˜(x) may be modified significantly due to the
SC screening the magnetic field. Realistically, the prox-
imitizing SC will be a type-2 SC penetrated by vortices.
Away from vortices, one can approximately use the previ-
ous expression for ∆˜(x). Taking into account the phase
acquired by the Cooper pair electrons while travelling
from the proximitizing SC to the edges, we write
∆˜(x) = ∆˜0e
−i(Ax(y↑)+Ax(y↓))x. (S11)
Solving H = Hedge + HSC with this
∆˜(x) we find the excitation gap to be
min
(
|∆˜0| − v2 |kF↓ + kF↑ +Ax(y↑) +Ax(y↓)|, 0
)
. For
a free particle kx + Ax(y) = 0; however, the presence
of the barrier separating the edges makes kFs deviate
from −Ax(ys). If the barrier is symmetric, one can show
that kF↓ + k
F
↑ + Ax(y↑) + Ax(y↓) = 0. In the case when
the barrier is asymmetric, one expects the deviation
from zero to be a fraction of BlB . For B = 10 T and
v = 104 m/s we estimate vBlB/2 ≈ 3 K. Therefore, the
induced SC amplitude ∆˜0 ≈ 5 K should be sufficient
to create an observable gap in SC domains even for an
asymmetric barrier separating the two quantum Hall
puddles.
Therefore, in order to induce gaps in both FM and
SC domains, one needs the two quantum Hall edges to
be located within less than a magnetic length from each
other in y direction, the barrier separating them has to
be sufficiently symmetric, and the chemical potential of
the edges has to be tuned into the FM domains’ gap.
However, no momentum tuning is necessary. We note
that the issues of the separating barrier and/or vortices in
the proximitizing SC influencing the SC domains warrant
a separate study.
A referee of the manuscript brought to our attention
recent results [2] showing that in a realistic system the
induced SC pairing amplitude may depend significantly
on the distance between the edges, which is not captured
by the model above. This may be an important factor
for experimental implementation of the system.
II. NON-UNIFORM SC ORDER PARAMETER
An additional control handle can be brought to the PF
box setup discussed in the main text through enabling
the order parameter of different SC domains to have dif-
ferent phases. This can be done via applying a magnetic
field in the y direction (cf. Fig. S1). The SC proximitizing
Hamiltonian then becomes
HSC = −∆
N∑
j=1
∫
SCj
dx cos
(
φˆ↑(x) + φˆ↓(x)√
ν
+ ϕˆj
)
,
(S12)
where ϕˆj = ϕˆ+ϕj , ϕˆ is the bulk SC phase operator, and
{ϕj} are the phase differences between the domains and
the bulk SC due to the fact that the system is subject
to the magnetic field By. As a result of this modifica-
tion, the expressions for the corresponding box operators
become:
φˆ↑(x)∓ φˆ↓(x)
2pi
√
ν
∣∣∣∣∣
x∈FMj/SCj
=
{
mˆj ,
nˆj − ϕˆj/(2pi). , (S13)
Qˆj = ν(mˆj+1 − mˆj), (S14)
Sˆj = ν(nˆj − nˆj−1)− ν(ϕˆj − ϕˆj−1)/(2pi), (S15)
αˆj,s =
{
eipiν(nˆl+smˆl−ϕˆl/2pi), j = 2l − 1,
eipiν(nˆl+smˆl+1−ϕˆl/2pi), j = 2l.
(S16)
3Figure S1. The layout of a PF box with applied By magnetic
field. a – The application of By magnetic field creates phase
difference between different SC domains. b – The physcial
structure of the PF box remains the same as for By = 0. How-
ever, the expressions for operators nˆj , Sˆj , and αˆj,s [cf. Eqs. (5-
7)] are somewhat modified, see Eqs. (S13-S16).
See Eqs. (5-7) in the main text for corresponding expres-
sions at By = 0.
Note that (αˆj2,sαˆ
†
j1,s
)n = eiδϕ with n = 2/ν and
δϕ = pi + ϕ[(j1+1)/2] − ϕ[(j2+1)/2], where [x] is the in-
teger part of x. The eigenvalues of αˆj2,sαˆ
†
j1,s
are then
eiν(pir+δϕ/2) (integer r). Therefore, the tunability of the
phase differences ϕj − ϕl is advantageous in the pro-
tocol for measuring the box operators proposed in the
main text (cf. Fig. 2 and Eqs. (11-12)): whenever the two
parafermionic operators αˆj1,s, αˆj2,s belong to different
SC domains, one may control the interference phase offset
in ηˆT12 = ηref +ηcotαˆj2,sαˆ
†
j1,s
in order to produce optimal
conditions for distinguishing different box states. Note
that while a similar effect can be achieved by varying Bz
and thus adjusting directly the phase difference between
ηref and ηcot through Aharonov-Bohm effect, varying the
perpendicular field would have the unwanted side effect
of influencing the FQH liquids.
III. THE CHARGING ENERGY OF THE
PARAFERMIONIC BOXES
Here we provide technical details about the derivation
of the low-energy theory of the PF box model, putting
special emphasis on the role of the charging energy. In the
limit ∆, t→ +∞ the fields tend to be pinned to the cosine
minima, see Eqs. (2,3) of the main text. Expanding the
cosines near their minima one can show for each domain
that the finite momentum excitations in the domains are
gapped (see, e.g., Appendix A1 of Ref. [3]). Therefore,
at low energies the cosine arguments in Eqs. (2,3) of the
main text are constant within the respective domains.
In this approximation, imposing continuity of the fields
φˆs(x), one obtains for θˆ±(x) = φˆ↑(x)± φˆ↓(x)
θˆ+(x) =
{
2pi
√
νnˆj −
√
νϕˆ , x ∈ SCj ,
2pi(x−x2j−2)√
νLFM
Sˆj + θˆ+(x
−
2j−2) , x ∈ FMj ,
(S17)
θˆ−(x) =
{
2pi
√
νmˆj , x ∈ FMj ,
2pi(x−x2j−1)√
νLSC
Qˆj + θˆ−(x−2j−1) , x ∈ SCj ,
(S18)
where LFM/SC is the length of the respective domain, xj
is the coordinate of the jth domain wall (x0 and x2N+1
correspond to the left edge of FM1 and the right edge
of FMN+1 respectively), x
−
j is infinitesimally close to xj
on the left, Qˆj = ν(mˆj+1 − mˆj) and Sˆj = ν(nˆj − nˆj−1)
are respectively the charge (spin) of the edge segment
under SCj (FMj), and ϕˆ is the proximitizing SC order
parameter phase. For the first and last FM domains the
expression for the hosted spin is different:
Sˆ1 =
(
νnˆ1 − νϕˆ
2pi
)
−
√
ν
2pi
θˆ+(x0), (S19)
SˆN+1 =
√
ν
2pi
θˆ+(x2N+1)−
(
νnˆN − νϕˆ
2pi
)
. (S20)
The commutation relations obeyed by the operators can
be deduced from the commutation relations for φˆ↑(x),
φˆ↓(x), and their derivatives; the non-trivial commuta-
tions are:
[mˆj , nˆl] =
{
i
piν , j > l,
0 , j ≤ l, (S21)
[Qˆj , nˆl] = [Sˆj , mˆl] =
i
pi
δjl, (S22)
[Qˆj , Sˆl] =
iν
pi
(δjl − δj+1,l), (S23)
[Qˆ0, nˆj ] = − i
pi
, j, l ≥ 1. (S24)
The system Hamiltonian then acquires the form
H =
∑
FM
(
piv
2νLFM
Sˆ2j − tLFM cos(2pimˆj)
)
+
∑
SC
(
piv
2νLSC
Qˆ2j −∆LSC cos(2pinˆj)
)
+
(Qˆ0 − qg)2
2CSC
+ semi-infinite edges. (S25)
A system described by the first two terms on the r.h.s.
of (S25) has been considered in Ref. [3], and the semi-
infinite edges in conjunction with such a system have
been considered in Refs. [4, 5]. The bulk SC charging
energy, which appears in the third term of (S25), is a
key ingredient giving rise to the box charging energy,
see Eq. (9) of the main text. To the best of our knowl-
edge, it has not been derived in previous works. We note,
however, that several recent works [6, 7] have invoked a
charging energy as in Eq. (9) of the main text.
4An algorithm for finding the low-energy theory for
Hamiltonians with large cosine terms as in Eq. (S25) has
been put forward in Ref. [8] and we employ it for the
analysis presented in Sec. III.3. However, before address-
ing the problem in its full complexity, it is instructive to
consider two toy problems, which we do below.
III.1. Toy problem 1
Consider a quantum-mechanical problem with
H1 =
pˆ2
2m
+
Kxˆ2
2
− Up cos(2pipˆ)− Ux cos(2pixˆ), (S26)
[pˆ, xˆ] =
i
piν
(S27)
with ν−1 being integer. H1 is an illustrative simplifica-
tion of the first two rows in (S25). First, we solve it
ingoring the two middle terms.
H0 =
pˆ2
2m
− Ux cos(2pixˆ). (S28)
Due to Bloch’s theorem, the eigenfunctions of H0 satisfy
eipiνpˆψkn(x) = ψkn(x− 1) = e−ikψkn(x), (S29)
where k ∈ [0, 2pi) is the quasi-momentum, n ∈ Z+ is
the band index, and the eigenfunctions can be written
as ψkn(x) = e
ikxukn(x) with ukn(x + 1) = ukn(x). For
Ux → +∞ the potential can be considered as a set of in-
dependent cosine minima with weak tunneling between
them. Expanding the cosine near its minima and calcu-
lating the tunneling between them semi-classically, one
finds ukn(x) = un(x) + δukn(x), Ekn = En + δEkn with
En ≈ 2ν−1
√
Ux/m(n+ 1/2)− Ux and
δukn(x), δEkn = O
(
e−4ν
√
mUx
)
. (S30)
Since the term Up cos(2pipˆ) commutes with H0, it only
modifies the eigenenergies Ekn → Ekn − Up cos(2ν−1k).
Now we look for eigenfunctions of (S26) in the form
Ψn(x) =
∫ 2pi
0
dkA(k)ψk mod 2pi,n(x). (S31)
Ignoring O
(
e−4ν
√
mUx
)
terms, we obtain(
−K
2
∂2k − Up cos(2ν−1k) + En
)
A(k) = EA(k), (S32)
supplemented by the boundary condition A(k + 2pi) =
A(k). In the limit Up → +∞, employing the same
technique that was used to tackle H0, we find that
the eigenfunctions Ayl(k) = e
−ikywyl(k) have energies
Eyln = En + E˜l + δE˜yl. Here y = 0, 1, ..., 2ν
−1 − 1 is the
quasi-coordinate, l ∈ Z+ is the band index, wyl(k+piν) =
wyl(k) = wl(k)+δwyl(k), E˜l ≈ 2ν−1
√
KUp(l+1/2)−Up,
and
δwyl(x), δE˜yl = O
(
e−4ν
√
Up/K
)
. (S33)
Ignoring exponentially small terms, the eigenfunctions
satisfy
Ψyln(x) =
∫ 2pi
0
dkeik(x−y)wl(k)un(x), (S34)
eipiνxˆΨyln(x) = e
ipiνyΨyln(x), (S35)
eipiνpˆΨyln(x) = Ψy+1 mod 2ν−1,ln(x), (S36)
H1Ψyln(x) =
(
En + E˜l
)
Ψyln(x). (S37)
In particular, the lowest-energy subspace spanned by
Ψy00(x) is 2ν
−1-fold degenerate up to corrections
O
(
e−4ν
√
Up/K , e−4ν
√
mUx
)
. Alternatively, one can con-
sider the eigenbasis of eipiνpˆ:
Ψ˜r00(x) =
(
2ν−1
)−1/2∑
y
e−ipiνryΨy00(x),
r = 0, 1, ..., 2ν−1 − 1. (S38)
III.2. Toy problem 2
Consider the Hamiltonian
H2 = H1 +
pˆ20
2m0
, (S39)
where H1 is defined in (S26), and pˆ0 satisfies
[pˆ0, xˆ] = − i
piν
, [pˆ0, pˆ] = 0. (S40)
We note that H1 consists of a simplification of the first
two r.h.s. terms in (S25), while pˆ20/2m0 is a simplified
analogue of the bulk SC charging energy term. In anal-
ogy with the SC charge, Qˆ0 whose conjugate operator is
ϕˆ, for pˆ0 there is a conjugate variable xˆ0: [pˆ0, xˆ0] = i. For
simplicity, in the present example we consider the opera-
tor pˆ0 which has a continuous unbounded spectrum. This
is to be contrasted with Qˆ0, whose spectrum is discrete.
Due to the presence of the second term in (S39), one
cannot directly use the solution of H1 from the previous
section. Defining
pˆ+ = pˆ+ pˆ0, [pˆ+, xˆ] = 0, (S41)
one can rewrite
pˆ2
2m
+
pˆ20
2m0
=
pˆ2+
2m+
+
(pˆ− αpˆ+)2
2mp
, (S42)
m+ = m+m0, α =
m
m+m0
, mp = αm0. (S43)
5Therefore,
H2 = H˜1 +
pˆ2+
2m+
, (S44)
H˜1 =
(pˆ− αpˆ+)2
2mp
+
Kxˆ2
2
− Up cos(2pipˆ)− Ux cos(2pixˆ).
(S45)
There are two differences between H˜1 and H1: first,
the renormalized mp instead of m, and second, the αpˆ+
shift. Since
[
H˜1, pˆ+
]
= 0 both operators can be di-
agonalized simultaneously. For every eigenstate of pˆ+,
with a given eigenvalue, one can diagonalize H˜1 follow-
ing the procedure of Sec. III.1. The αpˆ+ shift in Eq. (S45)
leads only to exponentially small corrections. Therefore,
the low-energy Hilbert space of the system is spanned
by |p+, y〉 with y labeling the exponentially degenerate
ground states of H˜1, and the low-energy effective Hamil-
tonian is
Heff =
pˆ2+
2m+
, (S46)
where we have omitted the constant offset by the ground-
state energy of H˜1.
III.3. Solving (S25) in the limit t,∆ → +∞
A general algorithm for solving Hamiltonians with
large cosine terms as in Eq. (S25) has been developed
in Ref. [8]. According to this algorithm, the cosine ar-
guments {Cˆq} = {2pimˆj , 2pinˆj} play the key role. The
low-energy Hilbert space is obtained through restrict-
ing the original problem Hilbert space by demanding
cos Cˆq|ψ〉 = |ψ〉, which implies that the allowed low-
energy operators are those and only those that commute
with all cos Cˆq. The low-energy effective Hamiltonian
then assumes the form
Heff = H0 − 1
2
∑
q,r
(M−1)
qr
ΠˆqΠˆr, (S47)
where H0 is the quadratic part of the original Hamilto-
nian, and the variables Πˆq, conjugate to Cˆq, are
Πˆq =
1
2pii
∑
r
Mqr
[
Cˆr, H0
]
, (S48)
where Mqr is defined through
M = N−1; Nqr = − 1
4pi2
[
Cˆq,
[
Cˆr, H0
]]
. (S49)
Finally, the non-trivial commutation relations
[
Cˆq, Cˆr
]
lead to a degenerate low-energy Hilbert space, while the
finite coefficients in front of the cosine terms lead to split-
ting between these degenerate states, as also discussed in
Ref. [8].
Applying this algorithm to the two toy problems dis-
cussed in Secs. III.1, III.2, one recovers the results ob-
tained there. We now discuss the application of this algo-
rithm to Hamiltonian (S25). The admissible low energy
operators, i.e., those that commute with all cos 2pimˆj and
cos 2pinˆj , are e
ipiνmˆj , eipiνnˆj , ∂xφˆ↑/↓ and ei
√
νφˆ↑/↓ opera-
tors at the semi-infinite edges, and the total box charge
Qˆtot = Qˆ0 +
∑N
j=1 Qˆj . All the other low-energy opera-
tors can be built out of these. The effective low-energy
Hamiltonian is
Heff =
1
2Cbox
(
Qˆtot − qg
)2
+
∑
s=±1
(∫ x0
−∞
+
∫ +∞
x2N+1
)
dx(∂xφˆs)
2, (S50)
where Cbox = CSC + NνLSC/(piv). The second term in
Heff represents the Hamiltonian of the semi-infinite edges
that are glued together by the conditions
φˆ↑(x0)− φˆ↓(x0) = 2pi
√
νmˆ1, (S51)
φˆ↑(x2N+1)− φˆ↓(x2N+1) = 2pi
√
νmˆN+1. (S52)
Therefore, the fields at the edges can be redefined so that
the part to the left of FM1 is described as a free FQH
edge, and the part to the right of FMN+1 is described as
another one.
The degeneracy due to the non-commutation of mˆj ,
nˆl and the expression of parafermionic operators through
mˆj , nˆl is described the same way as without the charging
energy [3, 4]. The box states can be labeled by eigenval-
ues of operators eipiQˆj and Qˆtot. However, now not all
(Qˆj mod 2) are independent as Qˆ0 is an integer multi-
ple of 2, thus
∏
j e
ipiQˆj = eipiQˆtot . Since the variables of
the semi-infinite edges commute with Qˆj and Qˆtot, the
edges decouple from the box. Therefore, the box can
be described independently of the edges by the Hamilto-
nian in Eq. (9) of the main text. The lifting of the de-
generacy is O
(
exp
[
−4LSC(ν∆piv )1/2
(
pivCSC
pivCSC+νLSC
)1/2])
,
O
(
exp
[−4LFM( νtpiv )1/2]).
Finally, we would like to note that similar results can
be derived for a generic capacitive coupling between the
box elements:
HC =
(Qˆ0 − qg)2
2CSC
+
∑
jl
[
AjlQˆjQˆl +BjlSˆjSˆl + CjlQˆjSˆl
]
+ Qˆ0
∑
j
[
djQˆj + ejSˆj
]
, (S53)
6with arbitrary coefficients Ajl, Bjl, Cjl, dj , ej (provided
that the quadratic in charges and spins part of HC is
positive definite). In this case the low-energy expression
for the box Hamiltonian, Eq. (9) of the main text, re-
tains the same form. However, the precise expression for
the box capacity Cbox changes in this case, and the gate
parameter qg should be replaced by qbox = const× qg.
IV. SOME DETAILS REGARDING THE
TWO-LEAD MEASUREMENT SCHEME
Here we discuss how the two-lead measurement scheme
discussed in the main text implements a projective mea-
surement. We assume that HT12, see Eq. (11) of the main
text, is switched on at time t = 0. Suppose the initial
state of the N -box is |ψ〉 = ∑r,{X}Ar,{X}|r, {X}〉, where
|r, {X}〉 is a basis of the box low-energy states such that
αˆj2,sαˆ
†
j1,s
|r, {X}〉 = eiν(pir+δϕ/2)|r, {X}〉, (S54)
and {X} denotes all other quantum numbers labeling the
box state. Below we calculate the box reduced density
matrix ρˆbox(t) as a function of time. We find that
〈r, {X}|ρˆbox(t)|r′, {X ′}〉 = A∗r′,{X′}Ar,{X}e−Frr′ (t),
(S55)
ReFrr′ (t) = t|ηr − ηr′ |2v−2ν pi(ν|V12|)
2ν−1
Γ(2ν)
, (S56)
where ηr = ηref + ηcote
iν(pir+δϕ/2), Γ(x) is the Euler
gamma function, and the last expression is valid for
t  1/(ν|V12|). Therefore, the scheme kills the density
matrix elements that are off-diagonal in r while preserv-
ing coherent superposition in the rest of quantum num-
bers, thus implementing a projective measurement of r.
The derivation of the above result is as follows. Evo-
lution of the leads and box state can be described in the
interaction representation by evolution operator
Uˆ(t) = T exp
(
−i
∫ t
0
dtHT12
)
. (S57)
The initial density matrix of the system is ρˆ(t = 0) =
ρˆbox(0)⊗ ρˆleads(0) with ρˆbox(0) = |ψ〉〈ψ| and ρˆleads(0) ∼
exp
(
−∑i=1,2Hi/T), where Hi are the leads’ Hamilto-
nians and T is the system temperature. Therefore, the
reduced density matrix of the box at time t is
ρˆbox(t) = Trleads
[
Uˆ(t)ρˆ(0)Uˆ†(t)
]
=
∑
r,r′
∑
{X},{X′}
|r, {X}〉〈r′, {X ′}|
×A∗r′,{X′}Ar,{X}〈U†r′(t)Ur(t)〉leads, (S58)
where Ur(t) is obtained from Uˆ(t) by substituting
αˆj2,sαˆ
†
j1,s
in HT12 with its eigenvalue (S54). We define
Frr′(t) = − ln〈U†r′(t)Ur(t)〉leads. (S59)
Since U†r (t)Ur(t) = 1, Frr(t) = 0. For the off-diagonal
components we perform a second order cumulant expan-
sion in HT12 and obtain
ReFrr′(t) = 2|ηr − ηr′ |2v−2ν cospiν×∫ t
0
dτ(t− τ) cos (νV12τ)
(
piT
sinhpiTτ
)2ν
. (S60)
The last expression is valid for ν < 1/2, it should be
analytically continued in order to obtain the answer for
ν ≥ 1/2. For |V12|  T one obtains
2 cospiν
∫ t
0
dτ(t− τ) cos (νV12τ)
(
piT
sinhpiTτ
)2ν
= 2 cospiν
∫ t
0
dτ(t− τ) cos (νV12τ) τ−2ν
=
pi(ν|V12|)2ν−1
Γ(2ν)
t×
(
1 +O
(
[ν|V12|t]−min(2ν,1)
))
,
(S61)
which leads to Eq. (S56). As an analytic function, this
answer is valid for any ν > 0, including ν = 1. For ν = 1
our results reproduce those of Ref. [9], with v−ν playing
the role of the density of states of a lead.
It is interesting to note that the dephasing rate (S56),
and more generally (S60), does not depend on the value of
ηref . It is a consequence of the fact that each quasiparti-
cle that passes through the box causes a state-dependent
phase rotation of the box state, and those that tunnel
through the reference arm do not. Dephasing is gener-
ated by the inability to track the number of quasiparticles
that have passed through the box. In the case of ηref = 0,
one is not able to distinguish different box states by mea-
suring IT12, as can be seen from Eqs. (11,12) of the main
text. Yet we note that dephasing does take place, albeit
one can restore coherence between different box states
by counting the number of quasiparticles transferred be-
tween the leads. For ηref 6= 0 one cannot restore phase
coherence by simply counting the number of quasiparti-
cles as each transferred quasiparticle could have traveled
either through the box or through the reference arm. The
relation of the dephasing to the number of quasiparticles
transferred through the box results in the same voltage
dependence of the dephasing rate (S56) and the current
IT12 (12).
Having in mind possible experimental realizations, we
estimate the typical decay time of the off-diagonal matrix
element for ν = 1/3 to be ≈ 10 ns when ηref ≈ ηcot
and IT12 ≈ 10 pA, which is a realistic value of tunneling
current. Under these conditions, the measurement time
7is limited by the time required to accumulate sufficient
statistics in order to distinguish the values of IT12 for
different r.
V. THE ALGEBRA OF OPERATORS ACTING
IN THE 2-BOX DEGENERATE SUBSPACE AND
THEIR EIGENSTATES
The 2-box degenerate subspace is spanned by states
|Q1 mod 2〉 that are eigenstates of operator eipiQˆ1 . All
the operators of the form αˆj2,sαˆ
†
j1,s
acting in this sub-
space can be expressed through eipiQˆ1 and eipiSˆ2 . It is of
importance, therefore, to study the properties of these
two operators.
It follows from Eq. (S23) that[
Qˆ1, e
ipiSˆ2
]
= νeipiSˆ2 . (S62)
Using this fact and the arbitrariness of choosing the
phases of the basis states |Q1 mod 2〉, one can define
|Q1 mod 2〉 = eipiν−1(Q1 mod 2)Sˆ2 |Q1 mod 2 = 0〉,
(S63)
eipiSˆ2 |Q1 mod 2〉 = |Q1 + ν mod 2〉. (S64)
The eigenstates |S2 mod 2〉 of eipiSˆ2 have the form
|S2 mod 2〉 = 1√
n
n−1∑
r=0
e−ipir(S2 mod 2)
× |Q1 mod 2 = νr〉 (S65)
with n = 2/ν. Conversely, the |Q1 mod 2〉 states can be
expressed through |S2 mod 2〉 via relation (13) in the
main text.
VI. N-BOX STATE MANIPULATION WITH
QADS
Here we elaborate on how transferring a quasiparticle
between two QADs each of which is connected to one
parafermion allows one to manipulate the state of an
N -box. Such a manipulation involves two QADs, each
described by Hamiltonian (14). Due to coupling to the
parafermions, a fractional quasiparticle can hop between
the QADs through the box, which is described by the ef-
fective cotunneling Hamiltonian Hcot,QAD. Consider the
initial state of the QADs being |1〉1|0〉2, i.e., QAD1 is
filled and QAD2 is empty. The box states can be ex-
panded in |r, {X}〉, the eigenbasis of αˆj2,sαˆ†j1,s (S54),
where αˆj1,s and αˆj2,s are the parafermions to which
QAD1 and QAD2 are coupled respectively.
The cotunneling Hamiltonian transforms
|1〉1|0〉2|r, {X}〉 |0〉1|1〉2|r, {X}〉. (S66)
Therefore, the problem splits into a set of 2×2 problems
each described by
Hr =
(
∆V/n η∗cote
−iν(pir+δϕ/2)
ηcote
iν(pir+δϕ/2) −∆V/n
)
, (S67)
where ∆V = VQAD1 − VQAD2.
Consider the Landau-Zener problem ∆V = λt/ν for
this Hamiltonian. Then the initial state |ψ(ti → −∞)〉 =
|1〉1|0〉2|r, {X}〉 at large times becomes
|ψ(t→ +∞)〉 = eiϕ0(ti)
[
e−piγ−iϕ0(t)|1〉1|0〉2|r, {X}〉
+
√
2piγ
Γ(1 + iγ)
e−
1
2piγ+iϕ0(t)
ηcot
|ηcot|e
iν(pir+δϕ/2)|0〉1|1〉2|r, {X}〉
]
,
(S68)
where γ = |ηcot|2/λ, and
ϕ0(t) =
λt2
4
+
1
2
γ ln
(
λt2
)− 3pi
8
. (S69)
In particular, the probability of not transferring a quasi-
particle between the QADs is
PLZ = exp (−2piγ) . (S70)
Therefore, by changing the QAD voltages slowly (λ→
0, γ → +∞), one can transfer the quasiparticle with
probability 1; the system final state will then be
eiν(pir+δϕ/2)|0〉1|1〉2|r, {X}〉 = |0〉1|1〉2αˆj2,sαˆ†j1,s|r, {X}〉,
(S71)
up to an r-independent overall phase. Moreover, if one
performs the operation with non-vanishing speed λ and
measures the QADs’ state in the end one will find the
system in one of the states
|1〉1|0〉2|r, {X}〉 or |0〉1|1〉2αˆj2,sαˆ†j1,s|r, {X}〉 (S72)
up to r-independent overall phases with probabilities PLZ
and 1 − PLZ respectively. One can repeat the operation
until the transfer of a quasiparticle has happened. One
way or the other, transferring a quasiparticle between the
dots implements the action of the αˆj2,sαˆ
†
j1,s
operator on
the N -box low-energy Hilbert space. Importantly, this
operation is applied independently of microscopic details
of the process.
VII. THE APPLICABILITY OF OUR RESULTS
TO ν = 2/3 PARAFERMIONS
The results stated in the main text are applicable, with
minor corrections, also to parafermions implemented
through ν = 2/3 FQH edges. Here we discuss this is-
sue in some detail. A scheme to implement parafermions
in a system involving a pair of spin-unpolarized ν = 2/3
8FQH puddles has been proposed in Ref. [10]. The setup
there is similar to the setup for obtaining parafermions
at ν = 1/(2k + 1): it involves two FQH edges that are
gapped in different regions by either electron tunneling
or SC pairing between the edges. The domain walls be-
tween these regions give rise to parafermionic operators.
The ν = 2/3 edge has a more complicated structure
than a ν = 1/(2k + 1) edge. Namely, it has a charged
mode φˆc that is described similarly to the only mode
present for ν = 1/(2k + 1) and also a neutral mode φˆn
[11, 12] (see, however, Refs. [13, 14]). In the scheme of
Ref. [10], the neutral mode is uniformly gapped in the
whole system and at low energies only the charged mode
is of importance. Therefore, the parafermion operators
are low energy projections of the elementary excitation
ei
√
νφˆc that carries the electric charge νe and does not
excite the neutral mode. Thus, PFs for ν = 2/3 can be
described with the same formalism as for ν = 1/(2k+ 1).
QADs in ν = 2/3 can host both purely charged 2e/3
excitations and excitations that have e/3-charge and also
excite the neutral mode. Since the latter ones cannot
travel through the system of parafermions (the neutral
mode is gapped), our results regarding the QAD manip-
ulation of parafermions are directly applicable to the case
of ν = 2/3.
The results for measuring the state of parafermions
with leads are also applicable, up to a minor modifi-
cation. The measurement scheme we propose involves
not just cotunneling through the PF box but also di-
rect tunneling between the leads (involving the refer-
ence arm), in which both the purely charged excita-
tions and those having a neutral component participate.
Therefore, the expression for the tunneling current in
Eq. (12) of the main text should be modified by replac-
ing |ηˆT12|2 → |ηˆT12|2+|ηn|2, where |ηn|2 characterizes the
strength of tunneling of all the neutral-carrying excita-
tions. Thus, for a given voltage V12, the current IT12 gets
offset by a constant current, still enabling one to distin-
guish different states of parafermions. The results for de-
phasing of the box’s reduced density matrix (S55), (S56),
are applicable without changes, which is easy to under-
stand: neutral-carrying excitations cannot pass through
the system of parafermions and therefore do not con-
tribute to dephasing.
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